Abstract. A subclass C ·0 (C 0 (P ), fin) of the class of C ·0 -contractions is introduced and studied. This subclass is a generalization of the subclass of C ·0 -contractions with finite defect indices, and it includes the C ·0 -contractions T for which dim Ker T * < ∞ and the defect operator (I − T * T ) 1/2 belongs to the Hilbert-Schmidt class. For an operator of class C ·0 (C 0 (P ), fin), a Jordan model is constructed, and it is proved that the lattices of invariant subspaces remain isomorphic under the quasiaffine transformations.
Introduction
In this paper we consider operators acting on separable Hilbert spaces. By an operator we always mean a bounded linear map, and a subspace is always a closed linear subset of a Hilbert space.
Let T be an operator acting on a space H. By Lat T we denote the lattice of invariant subspaces of T : LatT = {E ⊂ H : T E ⊂ E}. If E ∈ Lat T , then T has an upper triangular form relative to the decomposition H = E ⊕ E ⊥ :
where P E denotes the orthogonal projection onto the subspace E. Such a representation of T is called its triangulation.
Let µ T = µ(T ) denote the multiplicity of the operator T , i.e., the minimum dimension of a reproducing subspace: µ T = min{dim E :
An operator T is called a contraction if T ≤ 1. A contraction T is said to be absolutely continuous if its unitary part is absolutely continuous or acts on the space {0}. For any absolutely continuous contraction T , a function calculus is defined on the Hardy class H
∞ in the unit disk D (see [1, III.2] ). An absolutely continuous contraction T belongs to the class C 0 (T is a C 0 -contraction, T ∈ C 0 ) if there exists a function ϕ ∈ H ∞ , ϕ ≡ 0, such that ϕ(T ) = O. The C 0 -contractions of a certain special form (see [2, III.4 .1] and also §1) are called Jordan operators of class C 0 . Every C 0 -contraction T is quasisimilar (see the definition below) to a unique Jordan operator of class C 0 , which is called the Jordan model of T ; see [2, III.5] . A certain property (P ) for C 0 -contractions will be used in what follows. Among several equivalent formulations of this property (see [2, VII.1]) we choose the following one. A C 0 -contraction T acting on a space H ≺ R. The classes of contractions C αβ , α, β = ·, 0, 1, were introduced by Sz.-Nagy and Foiaş (see [1] and the references therein). A contraction T on a Hilbert space H belongs to the class C ·0 (T is a C ·0 -contraction, T ∈ C ·0 ) if T * n x − −−− → n→∞ 0 for any x ∈ H. T belongs to the class C 00 (T is a C 00 -contraction, T ∈ C 00 ) if T ∈ C ·0 and T * ∈ C ·0 . T belongs to the class C 10 if T ∈ C ·0 and for any x ∈ H, x = 0, the sequence {T n x} [6, 9, 10] ). The operator J 0 is constructed in terms of the "invariant factors"of the characteristic function of T . Next, in [11] it was shown that J 0 is the Jordan model of the C 0 -contraction T 0 , and T 1 ≺ S ν , where T 0 and T 1 are as in (0.1).
We introduce the following notation: C ·0 (C 0 , fin) = {T : T is a contraction of class C ·0 , T 0 ∈ C 0 , and T 1 ≺ S k , k < ∞, where T 0 and T 1 are as in (0.1)}, C ·0 (C 0 (P ), fin) = {T ∈ C ·0 (C 0 , fin): T 0 has property (P )}. A characterization of the C 10 -contractions T such that T ≺ S k , k < ∞, can be found in [8] .
Largely, in this paper we consider the class C ·0 (C 0 (P ), fin), which is an extension of the class of C ·0 -contractions with d T * < ∞. For the contractions of class C ·0 (C 0 (P ), fin) we shall construct a Jordan model. Our construction of the Jordan model for a C ·0 -contraction T is based upon its triangulation of the form (0.1). This allows us to extend the class of C ·0 -contractions T for which the Jordan model exists; in particular, the Jordan model is well defined for the C ·0 -contractions T such that the operator I − T * T is of trace class and dim Ker T * < ∞ (see Lemma 0.3 below and also the remarks in [12] ). However, the relationship with the "invariant factors" of the characteristic function of the contraction T is not clearly seen under this approach even in the case where d T * < ∞, as was the case in [6, 9, 10] .
Also for the contractions of class C ·0 (C 0 (P ), fin), we shall prove that the lattices of invariant subspaces are preserved under the quasiaffine transformations. Theorem 0.2. Let H and K be separable Hilbert spaces, T : H → H and R : K → K contractions of class C ·0 (C 0 (P ), fin), and X : H → K a quasiaffinity with X T = RX . Then the map J X : Lat T → Lat R is a lattice isomorphism.
In the next lemma, simple sufficient conditions for a contraction to belong to the class C ·0 (C 0 (P ), fin) are established.
Lemma 0.3. Let T be a contraction of class C ·0 , and let I −T * T be a trace class operator. The following statements are equivalent: 1) T ∈ C ·0 (C 0 (P ), fin); 2) dim Ker T * < ∞. , the contraction T 0 belongs to the class C 0 and has property (P ), and dim Ker T * 0 < ∞. Therefore, condition 2) of the lemma is equivalent to dim Ker T * 1 < ∞. Suppose that condition 1) of the lemma is fulfilled; then T 1 ≺ S k , k < ∞, whence dim Ker T * 1 = k (see [14] or [15] ). Conversely, if 2) is true, then the conditions that I − T * 1 T 1 is of trace class and k = dim Ker T * [14] or [15] ). The paper is organized as follows. In §1 we collect the definitions, notation and auxiliary facts that are not presented in the Introduction. In §2 we prove a theorem about outer functions, which will be used in the construction of the Jordan model. In §3 we give an example of a contraction T such that Lat T = Lat S 1 , S 1 ≺ T , but J X is not an isomorphism of the lattices Lat S 1 and Lat T for any quasiaffinity X intertwining S 1 and T . On the basis of this example, we construct a quasiaffinity X commuting with the shift of infinite (countable) multiplicity and such that J X is not an automorphism of its lattice. In §4 we prove Theorem 0.1. In §5 we check that the parts and compressions of the contractions of classes C ·0 (C 0 , fin) and C ·0 (C 0 (P ), fin) belong to the same classes. §6 is devoted to the proof of Theorem 0.2. In §7 we present an example of two quasisimilar C ·0 -contractions with finite defect indices and such that no two lattice isomorphisms induced by intertwining quasiaffinities are inverse to each other. §1. Definitions and preliminaries All Hilbert spaces to be considered are assumed to be separable. By I = I H we denote the identity operator on H. The unitary equivalence of operators is denoted by the symbol ∼ =. The maximal common inner divisor of a family {f i } i of functions, 
The unilateral shift S ν of multiplicity ν is the operator of multiplication by the independent variable z in the space
We shall use the following terminology. The function θ is 1)
3) * -inner if θ is inner; 4) * -outer if θ is outer; and 5) two-sided inner if θ is inner and * -inner. A Jordan operator of class C 0 is an operator of the form J 0 = ∞ n=1 ⊕T θn , where the functions θ n belong to H ∞ and are inner, and θ n+1 is a divisor of θ n for all n ≥ 1; it is possible that θ n ≡ 1 for n greater than some n 0 . As was mentioned in the Introduction, any C 0 -contraction is quasisimilar to its Jordan model J 0 . For a C 0 -contraction T , property (P ) admits an equivalent reformulation in terms of the Jordan model
The symbol κ(T ) denotes the shift index of an operator T : [6, §4] ). Let T be a contraction of class C ·0 such that T 0 ∈ C 0 and T 1 ≺ S ν , 1 ≤ ν ≤ ∞, where T 0 and T 1 are as in (0.1). Then
(see [16, Proposition 4] ). The following implication is true:
Proof. First, we consider the case where R = S k . Set E = Ker X ; clearly, E ∈ Lat T . Let T = T * 0 T1 be the triangulation of T relative to the decomposition H = E ⊕ E ⊥ , and let X = X | E ⊥ . Obviously, X is a quasiaffinity and
Therefore, Ker X = {0}, and X is a quasiaffinity. In [7] it was proved that under these conditions J X is a lattice isomorphism. Now, suppose that R is an arbitrary contraction satisfying the assumptions of the theorem, and that X : K → H 2 k is a quasiaffinity satisfying XR = S k X. Applied to XX , the part of the theorem that we have already proved shows that J XX is an isomorphism of the lattices Lat T and Lat S k . Since J XX = J X J X and J X is an isomorphism of the lattices Lat R and Lat S k (see [7] ), J X is an isomorphism of Lat T and Lat R; in particular, Ker X = {0}. Remark 2.2. In the case where the operators I − T * T and I − R * R are of finite rank or of trace class, the part of the theorem saying that Ker X = {0} can be found in [14, 17] . Remark 2.3. In the case of the shift S ∞ of infinite (countable) multiplicity, the theorem is not true. An example of an operator X having dense range and nonzero kernel and commuting with S ∞ can be found in [17] . In §3 of the present paper we give an example of a quasiaffinity X commuting with S ∞ and such that the map J X : Lat S ∞ → Lat S ∞ is not an isomorphism.
Let 1 ≤ k < ∞, and let T be a contraction on a Hilbert space H. Suppose that X : H → H 2 k is a quasiaffinity for which XT = S k X. Then T belongs to the class C 10 , so that T ∼ = T θ , where θ = θ T is a function that is inner and
Without loss of generality, we assume that
. Let δ denote the determinant of the operator-valued function Φ| F (relative to a certain pair of orthonormal bases in the finite-dimensional spaces F and C k ); it is obvious that δ ∈ H ∞ . There exists an operator Y :
, and Y X = δ(T ) (see [8, Lemma 3] or [7] ). If δ ≡ 0, then, obviously, Ker Y = {0}.
Proof. We choose a space F 1 so that δ 1 = det Φ| F1 ≡ 0, denote by ω the inner part of the function δ 1 , and apply Theorem 2.4 to ω and Φ. As a result, we get a space F 2 and a function δ 2 = det Φ| F2 ; by Theorem 2.4 we have δ 1 ∧ δ 2 = 1. Now, let Y 1 , Y 2 be operators that correspond to δ 1 , δ 2 in the sense explained before Theorem 2.4. Then
T is a contraction, and T ≺ S k . Corollary 2.5 and the relation µ S k = k imply the estimate k ≤ µ T ≤ 2k. Invoking the characteristic 'disc', which is related to the lattice of invariant subspaces of an operator (see [18, 19] ), we can refine the above estimate for the multiplicity of T :
Indeed, µ T ≤ disc(T ) for any operator T (see [18, 1.5] ), and disc(S k ) = k + 1 (see [19, Corollary 18] ). The following assertion follows immediately from the definition of disc(T ). Let T and R be operators on spaces H and K. Suppose that X : H → K is an operator such that XT = RX, J X : Lat T → Lat R is a lattice isomorphism, and µ T < ∞. Then disc(T ) ≤ disc(R). For R = S k we obtain (2.1). For the case where d T * < ∞, estimate (2.1) can be found in [20] .
It is easily seen that if 1
Obviously, the operator Y intertwines S ν | E with T Θ and has dense range. We have
and Theorem 2.1 shows that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
C·0-CONTRACTIONS

779
Ker Y U = {0}. Therefore, S k ≺ T . For the case where d T * < ∞, this assertion can be found in [20] .
Remark 2.7. For dim D < ∞, Theorem 2.4 can be found in [20, Lemma 5.3] , and, in a more general form, in [19, Lemma 15] . However, apparently, the proof does not admit a simple generalization to the case of dim D = ∞. Remark 2.8. As will be seen from the proof of Theorem 2.4, this theorem is in fact a consequence of the lemma in [10, §2] (we state it as Lemma 2.9), because Theorem 2.4 is deduced from Lemma 2.9 with the help of simple computations.
For the proof of Theorem 2.4 we shall need the following lemmas.
Lemma 2.9 ([10, §2]). Suppose I is an at most countable set, ω is an inner function,
In the sequel we shall use the following notation. Let 1 ≤ M, N < ∞, and let I N denote the unit matrix of size
is a matrix of size
..,K the corresponding minor of A, i.e., the determinant of the submatrix of A composed of the elements on the intersections of the rows with numbers i 1 , . . . , i K and the columns with numbers j 1 , . . . , j K . If K = N or K = M , we omit the upper or lower index, which means that in the calculation of the minor all columns or rows of A are involved. 
The proof of Lemma 2.10 consists in standard computations and is omitted.
∞ . If w = 0, the claim is obvious; let w = 0. We set 
We put a l = (−1)
is a row of length N + 1, and
, and we have
Using formulas (2.2) and (2.3), Lemma 2.10, and the decomposition of the minor f of the matrix Ψ by the first row, we conclude that
where s MN = ±1 depends only on M and N . 
Expanding the minors g l by the column of Ψ with index l, we see that ψ 0 is a divisor of ψ. Now we prove that ψ divides ψ 0 .
We set f = det(Ψ| ) and fix j, 1 ≤ j ≤ M . We rearrange the rows and columns of Ψ so that the jth row become the first, and the columns with indices l 1 , . . . , l M get indices N + 1, . . . , M + N ; then w j , f , g l will remain as before up to signs. By Lemma 2.11, there exist functions
, and ψ 0j is a divisor of f for all . Also, by assumption, ψ 0j is a divisor of g l for l = M, M +1, . . . . Therefore, ψ 0j is a divisor of the inner parts of all minors of the outer matrix Ψ, which implies that ψ 0j = 1 (this well-known fact follows from the results of [10] and [11, Lemma 2.7] applied to the inner part of the function Ψ; see also [21, I.6] ). Thus, ψ is a divisor of w j for all j = 1, . . . , M, and we see that ψ is a divisor of ψ 0 . Proof of Theorem 2.4.
The following fact will be proved by induction on M : in the space D there exists a subspace
The base of induction: 
and
Then in the basis {e l } l=1,2,... the matrix of the identity embedding operator id :
The induction step: suppose that the assertion is true for M − 1. We take an orthonormal basis 
. . . and {e l } l=1,2,... . By Lemma 2.13, we have Set E = K b λ ⊕ {0} and E = {0} ⊕ K; then E, E ∈ Lat T and the following is true:
F , whence g = ch + f with c ∈ C, f ∈ F. Therefore, Jg = cλh + Jf = h + λch + λf , whence h = λf − Jf ∈ F; we arrive at a contradiction with the assumption.
Thus, the lattices Lat T and Lat J are not isomorphic. 
the algebra H ∞ in the weak * topology (see [23, 24] ), and ϕ = sb λ for any s ∈ ∂D, λ ∈ D.
(see [23] ), in particular, µ T = 1, i.e., T is a cyclic operator. In [25] it was shown that T is a contraction of class C ·0 . Let α = {ζ ∈ ∂D : |ϕ(ζ)| = 1}, and let m be normalized Lebesgue measure on ∂D. Then m(α) < 1, because otherwise the function ϕ, ϕ = sb λ , would be inner and (see (3.1)) could not be a generator of H ∞ . If m(α) = 0, then T is a contraction of class C 00 (see [25] ). If m(α) > 0, then T is a contraction of class C 10 , and its minimal isometric extension U satisfying T ≺ U is a unitary operator (namely, U is the operator of multiplication by ϕ in the space L 2 (α)). Since the minimal isometric extension of a C 10 -contraction is uniquely determined, T is not a quasiaffine transform of the unilateral shift (of any multiplicity); see [25] .
Since T is a cyclic absolutely continuous contraction not belonging to the class C 0 , we have S ≺ T , i.e., there exists a quasiaffinity X : H 2 → H 2 such that XS = T X (see, e.g., [16, §1] ). However, the map J X : Lat S → Lat T = Lat S is not a lattice isomorphism for any quasiaffinity X intertwining S and T .
To check this, set X1 = g; then g ∈ H 2 and g is the image of the cyclic vector 1 for S. Hence, g is a cyclic vector for T , and, by (3.1), it is an outer function. Since XS = T X,
It is easily seen that 
C·0-CONTRACTIONS
783
we have inf D |ϕ • b λ | > 0, which implies that ϕ • b λ is an outer function. Therefore, (ϕ• b λ )·g is an outer function, and by (3.1) it is a cyclic vector for T . Thus,
Example 3.3. Consider the contraction T : 
As was shown in Example 3.2, there exists a quasiaffinity X : H 2 → K θ and a subspace E ∈ Lat S 1 such that XS 1 = T θ X, J X E = clos XE = K θ , and E = H 2 . It is easily seen (see [16, Lemma 1] and also the construction of the operators Y i in §4 of the present paper) that there exists a quasiaffinity X 1 : θH 
Construction of a Jordan model
In this section Theorem 0.1 will be proved, i.e., a Jordan model will be constructed for the contractions that belong to the class C ·0 (C 0 (P ), fin) defined in the Introduction. Although, formally, the way of constructing the model presented here differs from the method of constructing the Jordan model for the contractions T of class C ·0 with d T < ∞ (see [6, 9, 10] ), the basic principle is the same: the possibility to choose appropriate relatively prime functions. The construction presented here is not independent of [6, 9, 10] ; moreover, it is a different interpretation of the results of [10] . Namely, the operator-valued functions acting from a (possibly) infinite-dimensional space to a finitedimensional one are not an object (as in [10] ) but a method of study. We note also that for the construction of the Jordan model presented here we use the same method as in the proof of Theorem 2 in [26] ; see also [ 
, and δ 1 ∧ δ 2 = 1 (namely, Theorem 2.4 allows us to choose δ 1 so that ω ∧ δ 1 = 1, and δ 2 so that (ωδ 1 ) ∧ δ 2 = 1). Next, there exist functions 
A straightforward calculation shows that 
Proof. Suppose that R 0 acts on a space K 0 and T on a space H. Let We set K = clos X H; then, obviously,
Thus, a contraction T of class C ·0 (C 0 (P ), fin) and its Jordan model J = J 0 ⊕ S k , where J 0 is a Jordan operator of class C 0 with property (P ), k < ∞, are connected by the relation
where the property J ci ≺ T may be realized by at most two operators. The uniqueness of a Jordan model for the contractions of class C ·0 (C 0 (P ), fin) and statement 2) of Theorem 0.1 are implied by the following fact (see [11] for the case of finite defect indices.) 
Proof. The fact that T belongs to the class C ·0 follows directly from the property T ≺ R and the definition of the class C ·0 . The inclusion K 0 ⊂ K 0 can be checked in the same way as in Lemma 4.2. Next, suppose that R 0 ∈ C 0 . Then R 0 | K0 ∈ C 0 , and since T 0 ≺ R 0 | K0 , we have T 0 ∈ C 0 (see [1, III.4.6] and [2, III.2.1]).
We set R = P L⊕K1 R| L⊕K1 . The operators X and R have the following form relative to the decompositions
Proof of Proposition 4.3. We use the notation of Lemma 4.6. Applying Lemma 4.6 with
Let ω be the minimal annihilator of the C 0 -contraction R (0) , and let X = P L0⊕K1 X | H1 . Then the triangulation of R (1) relative to the decomposition of the space
k be a quasiaffinity such that XT 1 = S k X. By Theorem 2.4, there exists a function δ ∈ H ∞ and an operator Y :
, where R
. Applying Lemma 4.6 to the contractions S k and 
is an inner and * -outer function.
It is well known (see [1, VII.3.4] ) that the factorization θ = ΘΩ is related to the triangulation of T θ of the form (0.1), and the corresponding decomposition of the space K θ has the form
For an invariant subspace E of T θ , we consider the corresponding regular factorization of θ: 
is a two-sided inner function and
is an inner and * -outer function, be the * -canonical factorization of θ 1 . Then
Indeed, Ω 1 is a right * -inner factor of θ, and, by definition, Ω is the maximal right * -inner factor of θ. Then Ω 1 is a right divisor of Ω. This proves (5.4) and (5.5). We set 
, and (5.6) is proved. Now suppose that T θ ∈ C ·0 (C 0 , fin). This means that T Ω is a C 0 -contraction and T Θ ≺ S k , k < ∞. This implies that Ω 22 and Θ have scalar multiples, i.e., there exist
Thus, we have proved the following assertion. 
For the proof of a similar assertion about the contraction P E ⊥ T | E ⊥ , we need the following lemmas.
Lemma 5.2. Suppose T is a contraction on a space
k be a quasiaffinity, and let XT = S k X. By Theorem 2.1 and property 2) of the map
As is well known, there exists a number l, 0 ≤ l ≤ k, and an inner function ϑ ∈
Applying Proposition 4.3 to the contractions P G ⊥ T | G ⊥ and T ϑ and using the known form of the Jordan model for T ϑ (see [6, 9, 11] ), we obtain the claim.
Lemma 5.3 ([16]). Suppose
Proof. By [16 
Since R| E ∈ C 0 by assumption, we have S * k | L1 = R| L1 ∈ C 0 , and S * k | L1 has property (P ) because k < ∞. Since R 0 has property (P ), so does R 0 | E1 . Thus, R| E1⊕L1 has property (P ) (see [2, VII.1.9, VII.1.17]).
Set 
Proof. We set T = T QW and apply Lemma 5.3 to T with
. Therefore, X is a quasiaffinity, and it is easy to check that XT
, R| L has property (P ). Consequently (see [2, III. 5, VII.1.9, VI.1.16]), T W0 has property (P ).
Lemma 5.6. If T is an absolutely continuous contraction, E ∈ Lat T , and P E
Proof. Let H denote the space on which T acts, and let ϕ ∈ H ∞ be the minimal an-
The reverse inequality is obvious (see (1.2) ).
Lemma 5.7. If T is a contraction on a space
Proof. We use the notation introduced in the proof of Lemma 5.2. Since J X is a lattice isomorphism, it is not difficult to show that
Now we return to the factorization θ = θ 2 θ 1 (see (5.2)). Let 2) . Since Θ 2 and Θ (1) are inner and * -outer,
is inner and * -outer. The uniqueness of the * -canonical factorization (see [1, V.3] ) implies the existence of a unitary constant function C : (2) . Setting Θ 11 = Θ (1) C −1 , we obtain formulas (5.10) and (5.11). , we obtain T Ω00 ∈ C 0 and µ(T Ω00 ) ≤ m ≤ k. This implies that T Ω00 has property (P ) (see [2, VII.1.9]). Next, from (5.11) and (5.13) we obtain Θ 20 Θ 1 = Θ 10 Ω 22 . Set W = Ω 22 , W 0 = Ω 20 , Q = Θ 10 , and Ξ = Θ 1 . It is easily seen that W , W 0 , Q, and Ξ satisfy the assumptions of Lemma 5.5; hence, T Ω20 has property (P ). The first identity in (5.13) and [2, VII.1.17] show that T Ω2 has property (P ). Now we check (5.12). From (1.1), (5.1), (5.3), and (5.9) we see that (5.12) is equivalent to the identity κ(T Θ1 ) + κ(T Θ2 ) = κ(T Θ ). Relation (5.11) and Lemma 5.6 imply κ(T Θ1 ) = κ(T Θ11 ), and now (5.12) follows from (5.10) and Lemma 5.7. §6. Preservation of the lattice of invariant subspaces for contractions of class C ·0 (C 0 (P ), fin) under quasiaffine transformations
In this section we prove Theorem 0.2 (see the Introduction). The proof is based upon triangulations of C ·0 -contractions of the form (0.1) and similar facts for C 0 -contractions with property (P ) (see [2, VII.1.21] ) and for contractions that are quasiaffine transforms of the unilateral shift of finite multiplicity (see Theorem 2.1 of this paper).
In the following lemma we establish the surjectivity of the map J X (see properties 2) and 3) of the map J X in §1). Proof of Theorem 0.2. Lemma 6.1 and properties 1)-3) of the map J X (see §1) show that it suffices to prove the following assertion: if E, E ∈ Lat T , E ⊂ E, and J X E = J X E, then E = E.
